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Transition Prediction for Three-Dimensional Boundary
Layers in Computational Fluid Dynamics Applications

J. D. Crouch,¤ I. W. M. Crouch,† and L. L. Ng‡

Boeing Commercial Airplane Group, Seattle, Washington 98124-2207

A method is presented for estimating the laminar/turbulent transition location in three-dimensional boundary
layers for computational � uid dynamics (CFD) applications requiring numerous transition estimates with no user
intervention. Given the Reynolds number and the CP distribution, the location of transition is estimated based on
the attachment-line state, the potential for relaminarization, the occurrence of laminarseparation, and the growth
of instabilities. Transition caused by instability is estimated based on N factors calculated for Tollmien–Schlichting
waves and for stationary cross� ow instabilities. A neural network is used (in place of solving the Orr–Sommerfeld
stability equation) for determining the instability growth rates. The current version of the method assumes incom-
pressible � ow. The boundary-layer � ow and instabilities are calculated based on an in� nite-sweep (strip boundary
layer) approximation;the instability calculations also employ the parallel-� ow approximation.Comparisons with
traditional stability codes show good N-factor agreement over a practical range of CP distributions. The method is
several hundred times faster than traditional stability calculations, and it is robust enough to function as a simple
“subroutine” in CFD codes. The method is biased toward application ef� ciency and simplicity as balanced against
improvements in the detailed physical modeling.

Nomenclature
A = amplitude of instability
A0 = initial amplitude of instability at the neutral point
C = reference wing chord
C p = pressure coef� cient
Eave = average error of the neural network based

on the entire training set
eN = A=A0; amplitude ratio of instability
F = 106!º=Q2

e ; dimensionless frequency parameter
g = scaled growth rate
g j = scaled growth rate output from neutral network
J = number of conditions used in the neural-network

training set
K = .º=Q2

e / dQe=dxs ; relaminarizationparameter
N ¤ = correlated value of N at which transition occurs
Qe = boundary-layeredge velocity
Q1 = freestream velocity
NR = We=

p
.º dUe=dx jx D 0/; attachment-line

Reynolds number
RC = Q1C=º; chord Reynolds number
U; V ; W = boundary-layervelocity in x; y; z
Us; Ws = boundary-layervelocity in xs; zs

u; v; w = instability eigenfunction in x; y; z
X; Y = coordinate system of a wing section cut; X is

in the freestream direction
x = chordwise coordinate (Fig. 1)
xs; y; zs = streamwise coordinate system; xs is streamwise
y = distance normal to surface
z = spanwise coordinate
® = complex chordwise wave number
¯ = real spanwise wave number
¯H = Hartree parameter for Falkner–Skan boundary layer
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° = maximum growth rate over ¯ [Eq. (2.3)]
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thickness based on Ws pro� le
3 = wing sweep
º = kinematic viscosity
Ãe = tan¡1.We=Ue/; inviscid streamline angle
! = real frequency

Subscripts

CF = cross� ow instability
e = value at boundary-layeredge
TS = Tollmien–Schlichting instability
1 = freestream condition

I. Introduction

IMPROVEMENTS in computerpower, grid-generationmethods,
and solution algorithms are enabling increasingly complicated

applications of computational � uid dynamics (CFD). This, in turn,
is putting increasingdemands on the models used for capturing the
unresolved � ow physics. This is particularly evident in the calcu-
lation of separated � ows. The location of separation has a global
effect on the � ow� eld that can signi� cantly alter integral quantities
such as lift, drag, and pitching moment. The location of separation
depends on the upstream history of the boundary layer. Prediction
of this location is sensitive to the modeling of turbulence and the
prediction of the laminar/turbulent transition location.

One example of an applicationarea that has demonstrated strong
sensitivity to transitionis high-liftdesign.Most high-liftsystems in-
volve multipleairfoil elements.These systems have very high levels
of total circulation,which is strongly in� uencedby the � ow over the
� ap element. The � ap, in turn, is in� uenced by the characteristicsof
the viscous wakes generated by the other elements. Thus a change
in the transition locationon one of the elements can lead to a change
in the total circulation, affecting the entire � ow� eld.1

The most widely used method for estimating the transition
location is the eN method.2;3 Some of the more recent extensions

1536



CROUCH, CROUCH, AND NG 1537

and applications of this method are discussed in Arnal4 and Reed
et al.5 This method tracks the growth of a family of instabilities
and links the total instability ampli� cation to the onset of transi-
tion. The disturbance growth is characterized by an N factor such
that the total-ampli� cation ratio is A=A0 D eN . Wind-tunnel and/or
� ight-test data are used to correlate the value of N with transition.
When the eN method is applied for � ow conditions similar to the
calibration data, the method can be very effective. Parameters such
as surface roughness and freestream noise can be accounted for by
using a variable N -factor method.6;7 This allows the method to be
applied effectively over a wider range of conditions without addi-
tional calibration.

Although the eN method is routinely used for predicting transi-
tion, most of the applications of the method are in a “stand-alone”
mode, where the stability calculations are done as a postprocessing
step in a CFD computation. Integration of the method into a CFD
code is hindered by the computationaleffort required for the stabil-
ity calculations and by the stability-code demands for an accurate
mean � ow; the required convergence is much greater for obtain-
ing velocity pro� les than for determining lift and drag.8 Also, the
stability calculations typically require signi� cant user interaction,
making the method impractical for routine CFD application.

A numberof eN methodshavebeen developedto help circumvent
these shortcomings for CFD code integration.For two-dimensional
boundary layers Drela and Giles9 developed an N -factor equation
based on the slopes of the N -factor envelopes for the family of
Falkner–Skan boundary layers. This simple equation is easy to
apply, and it gives reasonable results for boundary layers, which
evolve slowly in the streamwise direction. In rapidly changing
boundary layers the pro� les are different from Falkner–Skan pro-
� les, and the local slope of the N -factor curve also differs from the
associated Falkner–Skan � ow. This method, however, is not easily
extended to three-dimensionalboundary layers.

Another approach is to replace the stability calculations with a
database of growth rates that are generated a priori for some fam-
ily of pro� les, typically similarity pro� les. Methods of this type
have been developed by Dagenhart10 and Casalis and Arnal11 for
cross� ow instabilities, and Arnal,12 Stock and Degenhart,13 and
Gaster and Jiang14 for Tollmien–Schlichtings (TS) waves. Each of
these methods has a restricted range of applicability. Integral quan-
tities, velocitymaximums, velocity-derivativemaximums, and local
Reynoldsnumbersareused to characterizetheboundary-layermean
� ow. Growth rates are represented by algebraic functions of these
parameters.The accuracyof these methods depends strongly on the
parameters used to characterize the boundary layer and on the size,
form, and generality of the database. The method of Gaster and
Jiang,14 for example, gives very accurate estimates for the growth
rates but currently only for two-dimensional boundary layers. One
of the critical issues when applying these methods is that the param-
eters used to characterize the pro� les might not properly describe
the general nonsimilar boundary layer.

The current method also uses a database for the growth rates,
which are representedby a trainedneuralnetworkbasedon Falkner–
Skan–Cooke pro� les. Neural networks have been used previously
in conjunction with integral-quantity inputs to estimate growth
rates for free shear-layer instabilities.15 Here, detailed information
about the velocity pro� les is used instead of relying on the integral
quantities.16 Earlier attempts to use integral quantities as the bases
for the neural network yielded unsatisfactory results when applied
to swept-wing test cases. Neural networks are used to evaluate the
growth rates for boundary-layerinstabilities(namely, TS waves and
cross� ow instabilities) using a set of 16 inputs. The current method
covers the complete range of conditionsencounteredin swept-wing
� ows.

II. N-Factor Formulation
Consider a three-dimensional boundary layer on a swept wing

inclined at an angle 3 relative to a freestream velocity Q1 . We
introduce two coordinate systems as shown in Fig. 1. The coordi-
nate system .x; y; z/ is aligned with wing chord. The streamwise
coordinate system .xs ; y; zs/ is aligned with the local edge veloc-
ity Qe such that xs is streamwise. The two coordinate systems are

Fig. 1 Schematic of wing section
showing chordwise and stream-
wise coordinate systems.

related by the local sweep angle Ãe . The boundary-layer velocity
corresponding to the chordwise and streamwise systems are given
by .U; V; W / and .Us; V; Ws/, respectively.Within the streamwise
system we de� ne the length scales
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The � ow is assumed to be incompressible Me ¼ 0 and spanwise
independentdU=dz D dW=dz D 0. The boundarylayer at each span-
wise station is treated as a section of an in� nite swept wing, char-
acterized by a local sweep angle. The stability results are based on
the quasi-parallel approximation.

The base � ow at a given x position is represented by
[U .yI x/; 0; W .yI x/] in the chordwise system. The linear growth
of perturbationsto this base � ow is consideredusing stability theory.
The form of the perturbation is given as

.u 0; v 0; w0/ D [u.y/; v.y/; w.y/] exp[i.®x C ¯z ¡ !t/] (1)

The perturbation velocities are governed by the Orr–Sommerfeld
and Squire equationswith homogeneousboundaryconditionsat the
surface and at the outer limit of the boundary layer. These equations
providea local relationshipbetweenthe (real) frequency!, the (real)
spanwise wave number ¯, and the (complex) chordwisewave num-
ber ® for a given boundary-layer� ow. Both ! and ¯ are prescribed,
and ® is obtainedas an eigenvalueof the Orr–Sommerfeld equation:

1
R±¤

1

µ
d4

dy4
¡ 2.®2 C ¯2/

d2

dy2
C .®2 C ¯2/2

¶
v ¡ i.®U C ¯W ¡ !/

£
³

d2

dy2
¡ ®2 ¡ ¯2

´
v ¡ i

³
®

d2U

dy2
C ¯

d2W

dy2

´
v D 0 (2)

with homogeneous boundary conditions. The eigenvalue problem
can be formulated in either the chordwise or the streamwise coor-
dinate systems, but the condition that ¯ is real applies only to the
chordwise system (that is, ¯s is complex).

For the stability analysis the variables are nondimensionalized
by the edge velocity Qe and the displacement thickness ±¤

1 (based
on the streamwise pro� le Us ). This yields the local Reynolds num-
ber R±¤

1
D Qe±

¤
1=º. For a given boundary layer the (dimensional)

frequency and spanwise wave number are � xed for any physical
mode. Solution of the eigenvalue problem yields the complex ® at
each x position. The growth rate is given by the imaginary part
¡®i .!; ¯I x/. The N factor for a physical mode is determined by
integrating the growth rate downstream from the neutral point.

As a � rst applicationof themethod,we consideran N factorbased
on themaximumgrowthoverall (real)spanwisewave numbers.This
leads to the de� nition of a maximum growth rate:

° .!I x/ D max
¯

[¡®i .!; ¯I x/] (3)

For ! 6D 0, the maximum over ¯ is a local maximum for a given
mode of instability. Thus, TS waves and traveling cross� ow (CF)
instabilities are treated as distinct, and the ¯ associated with ° for
a given mode changes slowly with x . Currently, only the stationary
cross� ow instabilitiesare considered. The N factor is de� ned as

NCF.x/ D
Z x

x0

° .0I x/ dx (4)
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for stationary cross� ow modes and

NTS.x/ D max
!

" Z x

x0

° .!I x/ dx

#
(5)

for TS waves where x0 corresponds to the neutral-point location
° .!I x0/ D 0. The use of the maximum growth rate removes the ¯
dependence from ° . This simpli� cation results in nonphysical N
factors, but these N factors provide a reasonable correlation with
experiments and, thus, provide a good engineering application of
the method. Transition as a result of instability is assumed to oc-
cur whenever an N factor exceeds an empirically de� ned threshold
value (that is, NCF ¸ N ¤

CF or NTS ¸ N ¤
TS ).

III. Neural-Network Approach
In the calculation of the N factors, we make use of a neural net-

work to replace the solution of the stability equation (2). Because
the neural network is based on nonlinear operators, it can effec-
tively model rather complex response surfaces in a straightforward
manner.

The neural network, once trained, producesan output vector for a
given input vector. This is shown schematicallyin Fig. 2 for an one-
elementoutput.The initial input vectorprovidesthe nodeoutputsfor
the � rst layer of the network. The outputs of layer 1 are weighted
and passed on to layer 2. For each node of layer 2, the weighted
layer-1 outputs are summed to provide the node input; the input
is passed through a sigmoid transfer function to generate the node
output. These outputs are weighted and passed on to the next layer.
The process repeats until the last-layer output provides the network
output vector.

The input vector consists of scaled values of 16 variables, which
are listed in Table 1. These variables are scaled to be within the
range (0,1). The scaling is established from the initial training set
describednext. The network output is a scaled value g of the growth
rate ° .

The neuralnetwork is set up to use the samebasic informationthat
feeds into the Orr–Sommerfeld eigenvalueproblem.The inputs into
theOrr–Sommerfeldprobleminclude R±¤

1
; ! (or F D 106!º=Q2

e );¯ ;
the pro� lesUs , Ws ; and the secondderivativesd2Us =dy2, d2Ws =dy2.
The Reynoldsnumberand frequencyare alsousedas neural-network
inputs. For the growth rate ° the dependenceon ¯ is removed using
Eq. (3). The neural network uses the � rst derivative of the velocity
pro� les as inputs, measured at uniformly spaced locations across

Table 1 Neural-network input variables

Variable De� nition

R±¤
1

Qe±¤
1=º Reynolds number

R±¤
2

Qe±¤
2=º Reynolds number

F 106!º=Q2
e frequency parameter

Ãe tan¡1.We=Ue/ stream angle
U 0

s j dUs=dy at y=±¤
1 D 1

2 . j ¡ 1/; j D 1; 6
W 0

s j dWs=dy at y=±¤
1 D 1

2 . j ¡ 1/; j D 1; 6

Fig. 2 Schematic of neural network used to model the stability
equations.

the boundary layer. This provides a reasonable characterizationof
the pro� les without an excessivenumber of inputs. Using the actual
velocity pro� les, and not just integral quantities, the neural network
can provide a substitute for the eigenvalue problem without for-
feiting any useful information. The current characterization of the
pro� les is a compromise between ef� ciency and accuracy. Figure 3
shows the pro� le derivativesand the discretepoints used as network
inputs. These pro� les correspond to a favorable pressure-gradient
region of a 45-deg-sweepwing. The input points include the values
at the wall and are spaced 1

2
±¤

1 apart.These points clearlycapture the
pro� le slopes at the wall, the locationsof peak velocitiesand in� ec-
tion points, and othermore subtle featuresof the pro� les. Numerical
studies showed no signi� cant improvement from including one or
two additional points in the pro� les; larger numbers of points were
not tested.

Separate neural networks are used to model the stationaryCF in-
stabilitiesand theTS waves. The neural-networkweightsare set dur-
ing a training phase. Training consists of successiveadjustments of
the weights in order to reduce the error betweenpredictedand actual
(scaled) growth rates for a large collection of conditions, referred
to as the training set. The training set is based on Orr–Sommerfeld
solutions for the Falkner–Skan–Cooke family of mean pro� les. The
instability growth rates for these pro� les are characterized by the
parameters: ¯H the Hartree parameter, Ãe the edge sweep angle,
R±¤

1
the local Reynolds number, and F the frequency parameter.

The training set used for CF instabilities consisted of J D 17,404
different conditions spread over the parameter ranges of Table 2.
The TS-wave training set had J D 24,920 different conditions over
the ranges of Table 3.

Backpropagation is the training algorithm used to minimize the
error jg j ¡ gj, where g j is the network output and g is the scaled

Table 2 CF training-set parameter ranges

Variable Lower limit Upper limit

¯H 0 1
Ãe 5 deg 90 deg
R±¤

1
150 6000

F 0 0

Table 3 TS training-set parameter ranges

Variable Lower limit Upper limit

¯H ¡0.18 0.2
Ãe 0 deg 60 deg
R±¤

1
100 6000

F 10 90

Fig. 3 Pro� le derivatives with symbols showing values used for net-
work inputs.
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Fig. 4 CF-instabilityneural-network error averaged over the complete
training set during the training process.

growth rate (g D 0:40 C 15° for CF instabilities and g D 0:05 C
12° for TS waves). During one training cycle, each condition in
the training set is sequentiallyinput to the network, and the weights
are adjusted. The ordering of the training set is randomly shifted
from one training cycle to the next to avoid biases. The average
error of the network based on the entire training set

Eave D
³

1
J

´ JX

j D 1

p
.g j ¡ g/2

is calculatedat theendof each trainingcycle.This quantityis plotted
in Fig. 4 as a function of the number of training cycles for the
training of the CF-instability network. The network is initialized
with random weights, and Eave D 0:11. After 1000 training cycles
Eave ¼ 0:004.For the TS-wave network Eave is initially0:1, and after
2000 training cycles Eave ¼ 0:01. The training set covers a fairly
broad range of conditions. Once the neural networks are trained,
they each function as a “black box” providing the CF, ° .0I x/, and
TS, ° .!I x/, growth rates for a given boundary-layersolution.

IV. N-Factor Results
The accuracy of the neural-network N factors are evaluated by

comparison with Orr–Sommerfeld N -factor calculations based on
the same integrationstrategy.Figure 5 shows the C p distributionand
the cross� ow instability N factors for the experimental conditions
of Reibert et al.17 The wing sweep is 3 D 45 deg. The Cp shows
a favorable gradient over the region of interest. The N factors in-
crease monotonically, and the methods show the same trend with
Reynoldsnumber.Differencesbetweentheneural-networkand Orr–

Sommerfeld N factors are less than one. This is within the range of
N -factor scatter for typical correlations with transition.

Results for a slightly more complex Cp distribution are shown
in Fig. 6. For this case the favorable gradient is interrupted by a
region of � at and mildly adversepressuregradient.The sweep angle
is 3 D 35 deg, and three Reynolds numbers are considered. The
N -factor results show very good agreement (again, the differences
are less than one), especially at the higher Reynolds numbers. At
lower Reynolds numbers the neural network shows a consistent
overpredictionof the growth rate near the neutral point.

We now consider TS waves, which are a primary source for tran-
sition in adverse pressure gradients. The TS-wave growth rates are
found to show an exaggeratedsensitivity to S-shaped cross� ow pro-
� les, which often occur just downstream of the pressure minimum.
This sensitivity stems from the fact that no S-shaped pro� les were
used in the network training. Hence, in the neural-network evalu-
ation of the TS-wave growth rates the cross� ow velocity pro� le is
not used. Neglecting the cross� ow pro� le does have some adverse
effects on the estimated growth rates further downstream.However,
the only other alternative is to use a different pro� le family for
training the neural network.

Figure 7 shows the Cp distributionand the TS wave N factor for a
wing with a mild sweep of 3 D 10 deg. At this Reynolds number the
N factor shows growth soon after the start of the adverse gradient.
The two methods are in reasonableagreement,with differences less
than 1NTS D 1. The primary differences in the growth rate occur
just downstream of the neutral point.

Fig. 5 Cp distribution and CF instability N factors. Comparison to
Orr–Sommerfeld calculations (symbols) for the conditions K = 45 deg:

, Rc = 3.2 £ £ 106; andJJ , Rc = 5 £ £ 106 .

Fig. 6 Cp distribution and CF instability N factors. Comparison to
Orr–Sommerfeld calculations (symbols) for the conditions K = 35-deg:
MM, Rc = 5 £ £ 106; , Rc = 10 £ £ 106; andJJ , Rc = 25 £ £ 106.

A more complicatedcase forTS-wave N factorsis given in Fig. 8.
The wing sweep is 3 D 36 deg. In this case the adverse pressure
gradient diminishes downstream of the peak, leading to stabiliza-
tion of the boundary layer at lower Reynolds numbers. This trend
is captured in the neural-network results. Figure 8 shows reason-
able agreement between the two methods, but the neural-network
N factors are sometimes larger, and sometimes smaller, than the
Orr–Sommerfeld results. Some of these differences are the result
of neglecting the cross� ow pro� les when evaluating the TS-wave
growth rates (as already discussed).

A � nal comparison for TS waves is given in Fig. 9. Results are
given for a sweep angle of 3 D 45 deg at three Reynolds numbers.
These results show greater differences than the other cases, but the
maximum differencesare still close to 1NTS ¼ 1.

In general, the differences between the neural-network and the
Orr–Sommerfeld N factors are greater for TS waves as compared
to cross� ow vortices. This was observedfor a wider range of condi-
tions than is shown here. The primary source of error in the neural-
networkgrowthratesstems fromtheuseof theFalkner–Skan–Cooke
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Fig. 7 Cp distribution and TS instability N factor. Comparison to Orr–

Sommerfeld calculations (symbols) for the conditions K = 10 deg and
Rc = 5 £ £ 106.

Fig. 8 Cp distribution and TS instability N factor. Comparison to Orr–

Sommerfeld calculations (symbols) for the conditions K = 36 deg: ,
Rc = 1.4 £ £ 106; andJJ , Rc = 5.8 £ £ 106.

(FSC) family of pro� les for training the network. Boundary layers
that develop in changing pressure gradientsexhibit features that are
not present in the FSC pro� les. Even though the network uses the
actual velocity pro� les as inputs, when these pro� les differ signi� -
cantly from the training-set pro� les the network can only approxi-
mate the true value.

The translation of the N -factor error to increased uncertainty in
the transition location will depend on the slope of the N -factor
curve at the transition point (dN=dx )jN D N¤ . The steeper the slope,
the smaller the uncertainty in the estimated transition locations.For
a transition N factor of, e.g., N ¤ D 10, an N -factor error of 1 will
result in roughlya 10% error in the estimated extentof laminar � ow,
assuming the transition N factor N ¤ is perfectly correlatedwith the
occurrence of transition. In practice, there are uncertainties in the
transition N factor N ¤ that depend on the � delity of the empirical
correlation. Even for the best cases, the variation of the correlated
N ¤ is approximately1 (Ref. 7), and so the N -factorerrors associated
with the current method are not expected to be signi� cant.

Fig. 9 Cp distribution and TS instability N factors. Comparison to
Orr–Sommerfeld calculations (symbols) for the conditions K = 45-deg:
JJ , Rc = 4 £ £ 106; , Rc = 8 £ £ 106; and MM, Rc = 16 £ £ 106.

Fig. 10 Flow diagram for estimating transition location.

V. Estimating the Transition Location
There are several mechanisms by which a boundary layer on a

swept wing can become turbulent. (For example, turbulence can
enter the boundary layer along the attachment line, thus providing a
“contamination”of the laminar� ow; theboundarylayercanundergo
laminar separation followed by shear-layer transition leading to a
separation bubble; or the laminar boundary layer can undergo a
“natural”transitioncausedby instability.)Eachof thesemechanisms
must be accounted for in determining the location for “tripping
the boundary layer” in CFD codes. Figure 10 shows a method for
estimating the transition location, which makes use of the neural
network for modeling the instability growth. This scheme accounts
for the attachment-line state, for separation, and for instability.

The attachment-line state depends on the inviscid parameter
NR D We=

p
.º dUe=dxjx D 0/ (for example, see Refs. 18–21). For

NR · 245, the attachment line is considered to be laminar. When
245< NR < 580, the attachment-line state depends on the in� ow
conditions. Above NR D 580 the attachment line is unstable and
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is taken to be turbulent. The relaminarization parameter K D
.º=Q2

e / dQe=dxs is evaluated if the attachment line is turbulent.Ab-
sent any swept-wing relaminarizationcriteria, the boundary layer is
assumed to relaminarize if Kmax ¸ 3.10/¡6 . This value is based on
two-dimensional � at-plate experiments.22 More recent studies sup-
port the use of the � at-plate data for predicting relaminarization in
� ows of practical interest.23;24 The TS-wave N factor at transition
N ¤

TS used for a relaminarizedboundary layer is signi� cantly smaller
than that for fully laminar boundary layers due to the high residual
disturbance levels.24

For laminar or relaminarized boundary layers, an in� nite-sweep
strip boundary layer is calculated using a � nite difference scheme.
If laminar separation is encountered, the � ow is assumed to begin
transition at the separation point. This provides a crude approxima-
tion for a laminar separation bubble. The effective bubble length
will be determined by a turbulence model. Improved modeling can
be accommodated in future versions of this scheme.

The laminar boundary-layer solution is used to generate the
neural-network inputs at each chordwise station (that is, the vari-
ables of Table 1). The neural-network growth rates are integrated
according to Eqs. (4) and (5) to obtain the N factors NCF.x/ and
NTS.x/, respectively.Transition caused by instability is assumed to
occur whenever the calculated N factors reach the empirically de-
� ned transition values, denoted N ¤

CF and N ¤
TS . The values for N ¤

CF
and N ¤

TS used here will differ somewhat from the N -factor values
based on growth-curveenvelopes of purely physical modes.

The scheme described by Fig. 10 serves as the basis for a simple
transition-prediction subroutine(XTran). The inputs/outputs for the
subroutine are based on a wing cut aligned with the freestream
velocity Q1 . The primary subroutine inputs are

.X=C/i ; .Y=C/i ; .Cp/i ; RC ; M1; 3

The variable X correspondsto the freestreamvelocitydirection,and
the variable Y is perpendicular to X such that the wing section is
described by a set of points (X i , Yi ), i D 1; imax. C pi are the val-
ues of the C p at the points (X i , Yi ), i D 1; imax. All quantities are
nondimensionalizedby the referencechord C and the velocity Q1.
Thus the chord Reynolds number is de� ned by RC D Q1C=º. The
freestreamMach number M1 is only used to calculate the edge ve-
locities from the given C p distribution.The leading-edgegeometric
sweep 3 is used to transform the streamwise section cut (in the
X direction) into a chordwise cut (in the x direction).

The primary outputs of the routine are

.X=C/Tran; .Y=C/Tran; mode

The transition location is given by the coordinates .X=C/Tran,
.Y=C/Tran . The variable mode is used to describe the mechanism of
transition: attachment-line transition, transition at laminar separa-
tion, transitioncaused by cross� ow instability,and transitioncaused
by TS waves. The estimated transition location corresponds to the
transition onset.

VI. Conclusions
A method has been developed for estimating the transition lo-

cation in CFD codes. This method accounts for the primary tran-
sition mechanisms associated with three-dimensional swept-wing
boundary layers, includingattachment-linetransition, cross� ow in-
stability, Tollmien–Schlichting instability, and transition triggered
by separation. The eN method is used to predict transition caused
by cross� ow and TS-wave instabilities. A neural-network method
is used to provide the growth rates for calculating the N factors.

The method assumes that the � ow is incompressibleand is, there-
fore, limited to lower Mach numbers. The stability analysis, under-
lying the neural-network growth rates, assumes an in� nite-sweep
boundary layer subject to the quasi-parallel-�ow approximation.
The N factorsarebasedon the integralof the � xed-frequencygrowth
ratesmaximizedover the (real) spanwisewave number.Calculations
show the neural-network and Orr–Sommerfeld results are in good
agreement over a practical range of � ow conditions. The neural-
network approach is several hundred times faster than solving the
full stability equations, and it is robust enough that it requires no

user intervention. This allows the approach to be directly coupled
with CFD codes.

A transition-prediction subroutine has been developed based on
the neural-network modeling. The inputs required are easily ob-
tained from a CFD code. The subroutineoutputs the transition loca-
tionandan indicationof themechanismresponsiblefor causingtran-
sition. Future efforts will focus on improved physicalmodeling and
on calibration of the current model, including application studies.
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